In this article, we investigate the Hyers-Ulam stability of the following functional equation
Introduction
The stability problem of functional equations originated from the following question of Ulam [] concerning the stability of group homomorphisms:
Give a group (G  , * ) and a metric group (G  The functional equation 
deriving from the quadratic functional equation (.) and the additive functional equation (.). It is not difficult to check that f (x) = ax  + bx is a solution of (.).
The notion of quasi-β-normed space was introduced by Rassias and Kim [] . This notion is similar to quasi-normed space. We fix a real number β with  < β ≤  and let K = R or C. Let X be a linear space over K. A quasi-β-norm · is a real-valued function on X satisfying the following conditions:
() x ≥  for all x ∈ X and x =  if and only if x = .
() λx = |λ| β x for all λ ∈ K and all x ∈ X.
() There is a constant K ≥  such that x + y ≤ K( x + y ) for all x, y ∈ X. The pair (X, · ) is called a quasi-β-normed space if · is a quasi-β-norm on X. The smallest possible K is called the modulus of concavity of · . A quasi-β-Banach space is a complete quasi-β-normed space.
In the following, we recall some fundamental results in fixed point theory. Let X be a set. for all nonnegative integers n or there exists a nonnegative integer n  such that
() the sequence {J n x} converges to a fixed point y * of J;
In , Cadariu and Radu [, ] applied the fixed-point method to the investigation of the Jensen functional equation. By using fixed point methods, the stability problems of several functional equations have extensively been investigated by a number of authors (see [-] ).
In this article, we will consider the solution and the Hyers-Ulam stability of the functional equation (.) on quasi-β-normed spaces using fixed point method.
Solution of (1.3)
We assume X and Y are real (or complex) linear spaces in this section.
Lemma . If an even function f
we have f (y) = f (y) and therefore
for all x, y ∈ X. Replace x by x in (.), we have
for all x, y ∈ X. Replace y and x by x and y in (.), respectively, we have
for all x, y ∈ X since f is even and f (y) = f (y). It follows from (.) and (.) that
Hence f is a quadratic mapping. 
for all x, y ∈ X. Hence, f : X → Y is an additive mapping. for all x, y ∈ X. Conversely, let
for all x ∈ X. It is not difficult to check that f e and f  satisfying (.). It follows from Lemmas . and . that f e and f  are quadratic and additive mappings, respectively. Hence, there exist a symmetric bi-additive mapping B :
The stability of functional equation (1.3)
Now we consider the stability of the functional equation (.) using fixed point method.
In this section, we always assume that X is a complex (or real) linear space and Y is a quasi-β-Banach space with norm · . Suppose K is the modulus of concavity of · . For a mapping f : X → Y , we define
for all x, y ∈ X.
Theorem . Suppose f : X → Y is an odd mapping and ϕ
for all x, y ∈ X, then there is a unique additive mapping A :
for all x ∈ X. The mapping A : X → Y is defined by
Proof Consider the set = {g : X → Y } and define a generalized metric on by
Then it is not difficult to check that ( , d) is complete. Consider the mapping : → defined by
According to Theorem ., the sequence n f converges to a unique fixed point A of on the set
Also we have
, we have
for all x ∈ X and (.) holds true. For all x, y ∈ X, we have
Hence, DA(x, y) =  for all x, y ∈ X. It follows from Lemma . that A : X → Y is an additive mapping. This completes the proof. 
for all x, y ∈ X. Then there exists a unique additive mapping A : X → Y such that
for all x ∈ X. The mapping A : X → Y is defined by for all x ∈ X.
